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ABSTRACT. Given a closed subset of the family S*(a) of functions starlike of
order a of a particular form, a continuous Frechet differentiable functional,
J, is constructed with this collection as the solution set to the extremal
problem max Re J(f) over S*(a). Similar results are proved for families
which can be put into one-to-one correspondence with S*(a).

The support points of S*(a) and K (a), the functions convex of order a,
are completely characterized and shown to coincide with the extreme points
of their respective convex hulls. Given any finite collection of support points
of S*(a) (or K(a)), a continuous linear functional, J, is constructed with this
collection as the solution set to the extremal problem max Re J(f) over
S*(a) (or K (a)).

1. Introduction. Let A denote the set of functions that are analytic in the
open unit disk A = {z: |z| < 1} in the complex plane C. The topology on 4
which concerns us is that given by sequential convergence that is uniform on
compact subsets of A. By a continuous, linear functional on A we mean a
complex-valued functional defined on A that is linear and continuous. In
other words, if J is such a functional then

) J (af + bg) = aJ (f) + bJ(8)
wherea,b€ECand f,g € A. Also,if f, EA(n=1,2,...) then
)] f, — fimplies that J (£,) - J (f).

We are also interested in continuous functionals which are Fréchet dif-
ferentiable. In the context of families of analytic functions, this concept was
introduced by J. A. Hummel in [13], where he uses the term “linear in the
small”. We shall reformulate Hummel’s definition so that it depends on
variations over the family. Suppose that F C 4 and f € F. Then, by a
variation of f we mean a function f*, depending on a complex parameter e, so
that f* € Fand f* = f + g- e + o(e). The function g € 4 and o(e) denotes a
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function of the variable (z, €) so that o(¢)/¢ — 0 as e — 0 when z is in any
compact subset of A. The dependence of f* on ¢ is given by a map from some
subset of a neighborhood of ¢ = 0 to F, and limits are meant in the usual
restricted way.

Suppose that J is a complex-valued functional defined on F. Then J is
called Fréchet differentiable at f relative to F if f € F, and if to each
variation of f given by f* = f + g- & + o(¢), we conclude that
) J(f*) =J(f) + el (£, 8) + o(e).

Moreover, we require that I (f, - ) is a continuous, linear functional on 4, and
now o(e) denotes a function of & so that o(¢) /e - 0 as e — 0.

The study of Fréchet differentiation for a mapping between two Banach
spaces has a long literature (see [8, pp. 92ff.] and [12, pp. 109ff.]). The
definition prescribed through equation (3) is an adaption of this idea. It is
different from the usual one primarily because the topology on A cannot be
given by a norm [26, p. 150].

Recently W. E. Kirwan and G. Schober [14] also considered Fréchet
differentiable functionals in relation to families of analytic functions. In their
paper, as in Hummel’s, extremal problems are studied which are given by
such functionals over the family of starlike mappings or related families.

Let S*(a) denote the subset of A consisting of starlike functions of order a.
Recall that this means that if f € S*(a) then f(0) = 0, f/(0) = 1 and

@ Re{zf'(2)/f(2)} > a  (]z7]< ).

This class was introduced by M. S. Robertson [22]. We note that « < 1 and
S* = $*(0) consists of the univalent mappings of A for which f(4) is starlike
with respect to the origin.

The theorem stated below was proved by Kirwan and Schober [14]. It is
slightly different from a result proved by Hummel [13] for the class S*.

THEOREM A. Let J be a continuous functional on S*(a) and let
) Re J(fo) = max{Re J (f): f € S*(a)}

where f, € S*(a). Suppose that J has the Fréchet derivative I at f relative to
S*(a) and suppose that I does not have the form

©) I(fp h) = ah(0) + bH'(0).
Then f, has the form
)] fo(@) = Z/kHl (1 = xe2)*

where n is a positive integer and

® =L 4>0 St=21-a) (k=12...,n)
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The condition that a functional be continuous and Fréchet differentiable
(even on A) is quite general and so Theorem A applies to a large collection of
extremal problems. For example, J could be an analytic function of a finite
number of continuous, linear functionals. This includes analytic functions of
the coefficients in the power series of a function in 4.

Theorem 4 in this paper is a converse of Theorem A. It asserts that any
closed set of functions each of which has the form prescribed by equations (7)
and (8) for a fixed positive integer n is the set of solutions to (5) over S*(a)
for a suitable continuous, Fréchet differentiable functional J on S*(a).

In order to prove Theorem 4 we first prove a similar result for the family of
bounded functions in 4. In the process, we establish other facts about
extremal problems over the class of bounded functions. General results about
Fréchet differentiable functionals can be derived for several families of
functions once proved for a representative family by means of suitable
one-to-one correspondences between the families. This kind of transfer of
information was utilized by Kirwan and Schober in [14].

A function f is called a support point of a compact subset Fof 4 if f € F
and if there is a continuous, linear functional J, nonconstant on F, such that

) ReJ(f) = {maxReJ(g):g € F}.

Each continuous, linear functional is Fréchet differentiable. Thus, an im-
mediate consequence of Theorem A is the fact that each support point of
S*(a) has the form given by equations (7) and (8). This was pointed out by
Kirwan and Schober in [14]. We shall prove that the support points of S*(a)
require only one factor in this representation. That is, the support points of
S*(a) have the form

(10) f@) =2/ =x)""  (x]=1).

The set of functions defined by equation (10) is also the set of extreme
points of the closed convex hull of S*(a) [4, p. 417]. In general, the solution
set to equation (9) contains an extreme point (when J is a continuous, linear
functional and F is compact). This fact has been used as a means of solving
extremal problems over various families (for example, see [2], [4], [15], [17]).
For some classes, such as the functions with a positive real part or the
typically real functions (see [3], [5], [21, p. 30] and [23]), the set of extreme
points is quite smaller than the set of support points. For other classes, such
as $*(a) and the set of univalent functions with real coefficients [3, p. 102],
the two sets are the same.

The determination of the support points for S* was obtained in [3], and the
argument introduced there enables us to treat the class S*(a). We also prove
a converse result that shows that any finite set of functions of the form (10) is
the solution set to equation (9) for a suitable continuous, linear functional J.
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Equivalent facts are derived for the set of convex functions of order a, which
we denote by K(a). Recall that f € K(a)if f € A4, f(0) =0, f/(0) = 1 and

a1 Re{zf"(2)/f(2) + 1} >a  (|2|<1).

It follows that « < 1 and K = K(0) consists of the convex, univalent map-
pings of A.

2. Bounded, analytic functions. Let B denote the set of functions ¢ in 4 so
that

a2 lo)] <1 (7<)

We shall present some facts about the coefficient regions for B which are
useful in discussing extremal problems. The initial results developed here are
not new, and so we only sketch some of the arguments. These ideas were
initiated by J. Schur [24], [25]). More recent accounts of facts about B and
references to the literature can be found in [1, pp. 101ff.]; [7, pp. 446ff.]; [11,
pp. 49711.); [18].

Suppose that ¢ € B and

a3 o0 =S ez (<)

The nth coefficient region for B, denoted B,, is the set of all n-tuples
(Cos €1y + + + » C,—1) Such that there exists some function ¢ in B so that the first
n coefficients of ¢ are the numbers ¢y, ¢y, . . ., ¢,_,. Properties of the class B
imply that B, is a compact, convex subset of C".

Schur has given a characterization of functions in B which correspond to
points on 9B, [24], [25]. The “Schur Algorithm” introduces the sequence of
functions {¢, } defined inductively by ¢, = ¢ and

1 - 1(2) = &-1(0)

Z 1= ¢ (0) dui(2)
If¢ € Bthen¢, € Bfork =0, 1,... and thus

(15) |60 <1 (k=0,1,...).

Also, equality holds here for a given k only when ¢, is a constant function
(and then ¢, = 0 for j > k). The set of inequalities (15) is a necessary and
sufficient condition on the coefficients {c,} so that ¢ € B [7, p. 446]. It
follows that the inequality |¢,_,(0)] < 1 defines the set B, and the equality
|¢,-1(0)] = 1 defines 3B,.

Suppose that ¢ € B, [$,(0)] <1 for k=0, 1,...,j— 1 and |¢;(0)] = 1.
Then ¢j is a constant and, by reversing equation (14) for k = j,j —
I,...,1,0, ¢ is determined. The dependence of ¢,_,(0) only on
Cos c,, e+ Crops Cop Cps + « + 5 Gy, therefore, implies that if ¢, ¢y, . . ., ¢, are

@14 #(2) =
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given and if ¢;(0) is given and subject to the condition |¢,(0)| = 1, then ¢ is
uniquely determined. As pointed out by Schur, such a function takes on the
form

16) o) = (ag+ ez + - +azl)/ (G + & 2+ + &)

We shall show that these functions also may be expressed in the form

J
a7 ¢(z) = x II .
k=1 1+ B,z
where
(18) xI=1, |B<1 (k=12,...,)).

Functions given by equations (17) and (18) are characterized as those func-
tions in A that are continuous on A and satisfy |¢(z)| = 1 for |z| = 1 [6, p.
12]. These properties hold for ¢ once ¢, is a constant of modulus 1 since these
properties pass on through the sequence ¢y, ¢;_, . . . , ¢;, ¢o. This also shows
that the number of factors in equation (17) must be j as ¢ maps Aj to 1 onto
A [6, p. 13]. A function defined by equation (17) and (18) shall be called a
finite Blaschke product of degree j.

The set of functions ¢ associated with a point on 9B, may be characterized
by a more general form than equation (17) by allowing n — 1 factors and
replacing the condition | 8| < 1 by | 8| < 1. Any factor of the form (z +
B)/(1 + Bz), where |B| =1, is a constant of modulus one and may be
absorbed in the x term. We call such a function a finite Blaschke product of
degree at most n — 1.

We summarize these known facts by the following statement.

LEMMA 1. The set B, is a compact, convex subset of C". The set 0B, is in
one-to-one correspondence with the set of finite Balschke products of degree at
most n — 1.

Each continuous, linear functional J on A4 is given by a sequence {b,}
which satisfies

19) lim sup]b,,['/"< 1,

and so that

(20) J(f)= X b,a,
n=0

when

f(2) ='§Oa,,z" (z1< 1) [27].

We shall show that when the sum in equation (20) is only a finite sum (and
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nontrivial) then there is a unique function in B maximizing the functional
Re J(f). This result is a simple consequence of Lemma 1 and the next
lemma. The actual solution to extremal problems over B has a long literature
(see [9, p. 145), [11, pp. 4971f.], [18]).

LEMMA 2. The set of extreme points of B, is 0B,

ProoF. No interior point of a set can be an extreme point of that set. Thus,
we need only show that each point of 9B, is an extreme point of B,. Suppose
thata €9B,anda=th+ (1 — t)c where0< ¢t <1,b € B, and ¢ € B,. If
either b or ¢ is an interior point of B, then so is a. Thus, b €3B, and ¢ €9B,.
Lemma 1 implies that the points a, b and ¢ correspond uniquely to functions
¢, ¥ and w, respectively, each of which is a finite Blaschke product of degree
at most n — 1. The relation @ = tb + (1 — f)c is therefore equivalent to
¢ =ty + (1 — f)w. The functions ¢,y and « are analytic in A and have
modulus equal to 1 on dA. The relation ¢(z) = tf(z) + (1 — )w(2) also holds
for |z| = 1. If a, B and y are complex numbers with |a| = 1, | 8| < 1, |y| < 1
and if a =18+ (1 —-1)y,0<t <1, then a = B = y. Therefore, ¢(z) =
Y(2) = w(z) for |z| = 1 and so ¢ = w. This implies that b = ¢, and, conse-
quently, a is an extreme point of B,.

THEOREM 1. Let n be a positive integer and let b, (k =0,1,...,n — 1) be
complex numbers, at least one of which is not zero. Let the functional J be
defined by

n—1
@y J(¢) = 3 b
k=0

where ¢(z) = SPoccz* (2| < 1). Then there is a unique function ¢ in B so
that

(22) Re J(¢,) = max{Re J(¢): ¢ € B}.

Moreover, ¢, is a finite Blaschke product of degree at most n — 1.

Conversely, if ¢, is a finite Blaschke product of degree not exceeding n — 1,
then there is a functional J of the form (21) so that ¢, is the unique function in B
satisfying equation (22).

Proor. We identify the n-dimensional complex plane C* with the 2n-di-
mensional real Euclidean space R*” in the usual way. Namely, the point
(2}, 23, . . ., 2,) in C" corresponds to (x,, ¥}, X3, V3s « + « » X, V,) Where x, =
Rez, andy, =Imz (k= 1,2,...,n). B, shall be regarded as a subset of
R?" and the results about B, shall be used in this setting.

Suppose that b, and J are prescribed by the initial hypotheses of this
theorem. Let
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0 = Re bk’ Bk =Im bk’ xk = Re C,‘ and
yk=Ika (kao,l,.-.,n_l)

and let M = max{ReJ(¢): ¢ € B}. Then, the condition Re J(¢) < M is
equivalent to

n-—1
(23) kZO (exe = Boi) < M.

If ¢ varies over B, then, as not all of the numbers b, are zero, inequality (23)
defines a closed half-space in R?" which contains B,. The set of points for
which equality holds in (23) defines a support plane to B, which we denote by
P. The set P N B, is a convex subset of dB,. If P N B, contained two
distinct points, say b and ¢, then every point on the segment tb + (1 — f)c, 0
<t <1, belongs to 3B, and fails to be an extreme point of B,. This is
impossible because of Lemma 2 and so P N B, consists of a single point, say
a. Since a €9B, it corresponds uniquely to a function ¢, in B which is a
finite Blaschke product of degree not exceeding n — 1. This function is the
unique extremal function for equation (22).

Conversely, suppose that ¢, is a finite Blaschke product of degree at most
n — 1. Then ¢, corresponds to a point @ on 9B,. There is a supporting plane
P to B, through a. This plane may be expressed in the form

n—-1
24 kgo(kak +0) =M

so that B, is contained in the closed half-space determined from equation (24)
by replacing = by <. If we let b, = y, — i§, and define J by equation (21),
then ¢y is the unique function in B for which (22) holds.

LeEMMA 3. Let C be a nonvoid, closed subset of R". There is a real-valued
infinitely differentiable function ® defined on R" so that ®(x) = 0 if x € C and
d(x)<0ifx & C.

This lemma is proved in [10, p. 17]. We shall only need to take advantage
of the differentiability of the function ®.

THEOREM 2. Let n be a positive integer and let F be a nonvoid, closed set of
finite Blaschke products of degree at most n — 1. Then there is a complex-val-
ued functional J which is continuous and Fréchet differentiable on A and so that
the equation

(25) Re J (¢9) = max{Re J(¢): ¢ € B}
holds for a function ¢, in B if and only if o € F.

Proor. Let p be the mapping of 4 onto C" defined by p(¢) =
(Cor €1y« + + 5 C,_y) Where ¢(2) = ZL_oc,2% (|2 < 1). Because of Lemma 1 and
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the fact that F is closed, the set D = u(F) is a compact subset of 3B, and
p(¢) & D if ¢ € B — F. Let 7 denote the usual map of C” onto R?* described
in the proof of Theorem 1 and let u* = 7 o u. Let ® be a function given by
Lemma 3 where C = #(D) and let J, = ® o u*. Then J, is a real-valued
continuous functional on 4, J,(¢) = 0if ¢ € Fand J,(¢) < 0if ¢ € B — F.

Suppose that f and g belong to 4, f(z) = 2L, a,z* and g(2) = L. b.z*.
Suppose that f* is a variation of f of the form f* = f + eg + o(e). A simple
computation depending on the differentiability of ® shows that

@6) Ji(f*) =J1(f) + y[Mao + A8+ -+ + Mgy 10,y + A2y ]

+0[ Mg + N80+ <+ = A 1@y + Ay B,1] + 0(e),
where y = Re¢, § = Ime, oy = Re b, B, = Im b, and A, is the kth partial
derivative of ® at the point in question.

Let the functional J be defined on 4 by the equation J(f) = J,(f) —
iJ,(if). Then J is continuous on 4 and equation (26) implies that J(f*) =
J() + I(f, g)e + o(e) and I(f, - ) is a continuous linear functional on A.
Thus J is Fréchet differentiable on A4. Since J, = Re J, the conclusions of the
theorem concerning equation (25) follow.

3. Solution sets for S*(a) and other families. There are several families of
analytic functions which may be put into a one-to-one correspondence with B
by means of simple analytic operations. This makes it possible to deduce
results similar to Theorem 2 for any such family. Results similar to Theorem
A also hold for these families since they also are in a suitable one-to-one
correspondence with S*. Each family has a distinguished form for the
solution set. These correspond to the forms already singled out for $*(a) and
B.

Let P denote the subset of A of functions p for which Re p(z) > 0(Jz| < 1)
and p(0) = 1. A one-to-one correspondence between B and P is given by the
formula

@7 P(2) = (1 +29(2))/ (1 = 24(2)),

where ¢ € Bandp € P.

LeEMMA 4. Suppose that p € P, p is continuous on A except at the points y,
(k=1,2,...,n), where p has a pole. Also, suppose that Re p(z) = 0 if |z| = 1
andz # y, (k= 1,2,...,n). Then p has the form

(28) P(2)= 2 70—
k=

where

(29) tk > 0, ka|= 1, Etk =] (k = l, 2, co ey n).
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Proor. The pole of p at y, must be a simple one, since any higher order
pole would imply that there are values of z in A (and sufficiently near y,) for
which Re p(z) < 0. Let x;, = y,. Then we may write
(30) p(2) = a/ (1 — x2) + p(2)
where the function p, is andlytic at y, and g, # 0. The function w = (1 —
z)~! maps A one-to-one onto the region {w: Re w > 1}. This implies that g,
is real and positive, because any other value of a, would contradict the
condition Re p(z) > 0 (Jz| < 1) when z is sufficiently close to y,.

Let 1, = a,/2 and define the function g by

"1+ x2
31 z)= 4 .
() q() kglkl_xkz
The function s defined by s(z) = p(z) — ¢(2) is analytic in A and because
1+ x.z a

4 = -1
kl-xz 1-xz *

s is also continuous in A. If |z| =1 and z#y, (k=1,2,...,n) then
Re p(z) = 0 and Re ¢(z) = 0. Therefore, Re s(z) = 0 for all z with |z| = 1.
This implies that s is a constant and that the constant is purely imaginary.
Since s(0) = 1 — 3%, is real, s must be the constant 0. Therefore, p = ¢
and 2%.,%4 = 1. This completes the proof.

A finite Blaschke product of degree n (n > 0) is mapped by the correspon-
dence (27) onto a function in P having the form described by equations (28)
and (29). This is a consequence of the characterization of finite Blaschke
products as the functions in B that are continuous in A and satisfy |$(z)| = 1
for |z| = 1. These properties of ¢ correspond to the properties of the function
p in Lemma 4, if ¢ and p are related by (27).

As is well known, the family S* is put into a one-to-one correspondence
with P through the relation

(32) p(2) = #f(2)/f(2).
In this correspondence, a function in P described by equations (28) and (29)
maps to the function in S* given by the equations

f@) = —2t—

33
©3) II (- "kz)’\‘k
k=1
and
(34) ka|= l, Ak > 0, EA,‘ = ) (k = 1, 2, ceey n).

This depends on a computation based on relation (32) and where A, = 21,.
The equation
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1-a
(39) g(2) = 2[ f(2)/2]
defines a one-to-one correspondence from the class S* to the class S*(a). In

this correspondence, a function of the form described by equations (33) and
(34) maps to a function given by equations (7) and (8) of Theorem A.

THEOREM 3. Let J be a continuous functional on B and suppose that ¢, € B
and

36) Re J (¢p) = max{Re J(¢): ¢ € B}.

Also, let J have a Fréchet derivative at ¢, relative to B which is not the zero
JSunctional on A. Then ¢, is a finite Blaschke product.

ProOF. Let p and » denote the mappings u: B — P and »: P — S* defined
by equations (27) and (32), respectively. The function ¢ = » o u is a one-to-
one mapping of B onto S*. Also o is continuous on B since u and » are
continuous on B and P, respectively. Let J denote the functional described in
this theorem and define the functional I on $* by I(f) = J(¢~'(f)). Then I
is continuous on S*.

Suppose that ¢, € B and equation (36) holds. Let f, = o(¢y). We shall
show that f, satisfies all of the hypotheses of Theorem A, with « = 0, with
respect to the functional I. Equation (5) holds since it is equivalent to
equation (36). We need to show that I has a Fréchet derivative at f, relative to
S*.

Suppose that f € S* and let f* be a variation of f given by f* = f + eg +
o (¢). This implies that f* = f + g’ + o(e) with the usual meaning for o(e).
Let ¢ = 0~ !(f) and ¢* = o~ !(f*). Equations (32) and (27) allow ¢*(z) to be
expressed in the form

2[f(2)2'(2) - 8(2)f'(2)]

€1)) $*(z) = ¢(2) + e + o(e).

2
[2(2) + £ (2)]

This equation may be more simply expressed as

(38) $* =0+ A(f, 8) € +o(e)

where A(f, g) is initially defined on the set {g} occurring through all
variations of f. The normalizations of S* show that A(/, g) is well defined for
each g in 4 if g(0) = 0. On this subset of 4, A(f, - ) is a continuous, linear
operator.

Equation (38) defines a variation of ¢ with respect to the family B. If J is
Fréchet differentiable at ¢ with respect to B, then we may write

I(f*) = J(a7' (/) = J(¢*) = J () + K[$, A(f, &) e + o(e)
= I1(f) + L(f, 8)e + o(e).
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Here, K (¢, - ) is a continuous, linear functional on 4 and therefore L(f, - ) is
a continuous, linear functional on F. We may extend this functional to a
functional L on 4 by L(f, g) = L(f, h), where g € A and h(z) = g(z) -
2(0). Then L(J, - ) is a continuous, linear functional on 4, and so the relation
I(fY=I(f)+ f( f, 8)e + o(e) shows that I is Fréchet differentiable at f
with respect to S*.

In order to apply Theorem A, and thereby establish this theorem, it only
remains to show that the functional L( fo +) does not have the form

(39) L(fy 8) = ag(0) + bg'(0).
Suppose that equation (39) holds. Then, in particular, L(f,, g) = ag(0) +
bg’'(0) for all g in F. This is the same as K[¢g, A(f, 8)] = bg’(0) for all g in F.
The continuous linear functional K[y, -] is given by a sequence {b,}
described by equations (19) and (20). If we write
_ 2[/o(2)8'(2) - 8(2)f5(2)] - § .zt
2 né
[4(2) + fo(2)] n=0
then we conclude that . .b,c, = bg'(0) for every g in F. By solving the
differential equation defined with k(z) = z" (n =0, 1, 2, ...) we determine
a suitable function g belonging to F. Quite specifically, we may set

z W wfg(w) + fo(w 2
g(z)=fo(z){fo ““ifg(wf“ )] dw}.

For such a choice of g we have g’(0) = 0 and so the condition =%_.b,c, =
bg'(0) reduces to b, = 0. This implies that K[¢,, - ] is the zero functional.
This provides the contradiction.

THEOREM 4. Let G be a closed subset of A of functions each of which has the
Jorm

k(2)

f@)= 54—
(40) H a- xkz)'n
k=1

where n is a given positive integer and
@) =1 430, J4=2(1-a) (k=12,...,n).

Then there is a complex-valued functional I on S*(a) which is continuous and
Fréchet differentiable and such that the equation

42) Re I(fy) = max{Re I(f): f € $*(a)}
holds for a function f, in S*(e) if and only if f, € G.
PrROOF. Let g denote the mapping from S*(a) onto B obtained as the
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composite of the mappings given by equations (35), (32) and (27). By our
earlier remarks about the distinguished subsets of $*(a), P and B, it follows
that each function in the set F = pu(G) is a finite Blaschke product of degree
at most n — 1. Also, F is closed and so Theorem 2 is applicable. Therefore,
there is a functional J on 4 which is continuous and Fréchet differentiable
and so that Re J(¢,) = max{Re J(¢): ¢ € B} holds for a function ¢, in B if
and only if ¢ € F.

Let the functional I be defined on S*(a) by I(f) = J(u(f)). Then I is
continuous on S*(a) because J is continuous on A. Also, I is Fréchet
differentiable on S*(a). This can be shown by a computation similar to the
one made in Theorem 3 to obtain equation (37). This results in the formula

f(2)8'(2) — 8()f(2)

[2£(z) + (1 = 20)f(2) ]’
Again, the coefficient of ¢ is well defined as long as g € 4 and g(0) = 0.
Thus, the remaining details concerning the extension of the suitable func-
tional to all of 4 are the same as those already given for Theorem 3. The
conclusion concerning equation (42) is equivalent to the similar fact concern-
ing J and F as p is one-to-one.

REMARKS. Results similar to Theorems 3 and 4 are valid for several familiar
classes of (regular or meromorphic) functions that are in one-to-one corre-
spondence with B (or, equivalently, with $*). A main concern is to determine
when such correspondences map a Fréchet differentiable functional on one
set to a Fréchet differentiable functional on another set. This occurs, for
example, when the map between the classes is given by an analytic function
of a finite number of continuous linear operators. For the results similar to
Theorem 3 the functional needs to avoid a “trivial” form. For the class P, this
corresponds to the assumption that at the extremal function p, the Fréchet
derivative does not have the form 7(p, q) = aq(0).

9*(2) = ¢(2) + e{ }(2 - 2a) + o(e).

4. The support points of S*(«). We shall show that each support point of
S*(a) has the form

43) f@) =2/ (1= 27" (x|=1).

We also shall prove a result which is a converse of this fact. It is similar to the
previous considerations in that it determines what sets can be the solution sets
over S*(a) with respect to continuous linear functionals. Our arguments are
quite similar to those given in [3, pp. 101-103] to prove such results when
a =0. A critical step in this argument for general a will depend on the
following lemma.

LEMMA 8. Suppose that f € S*(a) and f does not have the form given by
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equation (43). Then there are positive numbers M and e so that
(1-a)—¢
(44) 1£(2)] < M/ (1 =}z))* (|2 < 1).

In the case a =0, Lemma 8 is a consequence of a result of Ch.
Pommerenke [20, Theorem 1]. We shall give an independent proof of this fact
based on ideas of subordination. At the same time, we develop similar facts
about K (a).

LEMMA 5. Suppose that f € K and f does not have the form

@) f@=z/(1-xz) (x|=1).
Then there are positive constants M and ¢ so that
(46) IF@ <M/ =12)'™"  (lz1< 1)

PrOOF. It is easy to verify that the only functions in 4 that map A
one-to-one onto a half-plane and have the normalizations f(0) = 0 and
f'(0) = 1 are the functions defined by equation (45). Therefore, if f € K and f
does not have that form, then f(A) is a convex domain which is neither a
half-plane nor C. This implies that f(A) has at least two support lines and so
f(Q) is contained in either an angular wedge with opening less than « or in a
parallel strip region. In either situation f is subordinate to a suitable function g
which maps A one-to-one onto the wedge or the strip.

In the case that f(A) is contained in a wedge, we may let g(z) = h((z +
$)/(1 + §2)) where h(z) = a[(1 + 2)/(1 — 2)]# + band |{| < 1, |a| = 1 and
0 < B8 < 1. The number B produces the suitable opening and the numbers a
and b are chosen so that #(A) D f(A). Finally, { is determined by the
condition A({) = 0. The inequality

z+¢ z|+|§
= ll bl (z71< L §I< 1)
1+§z| 1+ 2
implies that there are two positive numbers M and ¢ so that
@7) lg@)| < M/ (=)™ (< D).

Since f is subordinate to g in A it follows that maxy,,|f(2)] < max, .| 8(2)|
for every r (0 < r < 1) [19, p. 227]. Therefore, inequality (47) implies result
(46).
In the case that f(A) is contained in a strip, we may choose 4 in the form
h(z)=alog[ l“]+b,

1-:z

where |a| is determined to produce the appropriate width of the strip A(A).
Again, we let g(2) = h((z + §)/(1 + {z)) where ¢ is determined by A(§) = 0.
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The argument presented in the previous case is applicable and it yields the
inequality |f(z)] < N log(l — |z])~! for a positive constant N. Thus, in
this case, inequality (46) holds for every numbere, 0 < e < 1.

LeEMMA 6 [16, p. 117]. Suppose that f is analytic in A and there are positive
constants M and v so that

(48) f@I <M/ =lz))"  (z|< 1)
Then there is a positive constant N (depending on M and v) so that
. 1

(49) 7@ <N/ A =J2)"  (g|< D).
LemMA 7. If f € S* and f does not have the form

(50) f@)y=z/(1-xz)'  (x|=1),

then there are positive constants N and € so that

1) If@) < N/ (A =12)"°  (z< 1)

Proor. This is an easy consequence of Lemmas 5 and 6 and the fact that
the relation g(z) = f§[f(w)/w] dw gives a one-to-one correspondence be-
tween S* and K.

ProoF oF LEMMA 8. Suppose that f € S*(a) and f does not have the form
of equation (43). The function g defined by g(z) = z[f(z)/z]'/*~* belongs
to S* and it does not have the form of equation (50). Thus estimate (51)
applies to g. By choosing r, so that 0 < ry < 1 and considering the two sets
|z] < rgand ry < |z] < 1, we conclude that the same kind of estimate applies
to g(z)/z. Since | f(2)| = |z[g(z)/2]'~*| < | g(2)/z|'~* this provides a bound
on f given by the form of inequality (44).

The usual one-to-one correspondence between K(a) and S*(a) and an
integration of the bound provided by Lemma 8 yields the following result.
For each fixed value of a greater than j the family K(a) is uniformly

bounded [22].
LEMMA 9. Suppose that f € K(a). If a < 3 and f does not have the form

(52) f(Z) = (1 __lza)x { (l _ x]z)l-Zu - l} (|x|= l)’
then there are positive constants Q and & so that

(53) @< /=)™ (<),
Ifa= % and f does not have the form

(54) f(2)=—x""og(1 — xz) (]x|=1),

then there is a positive constant Q so that
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(55) lf@l<e  (z<).
THEOREM 5. Each support point of S*(a) has the form
(56) f@=2/0-x""  (x|=1).

ProoF. Suppose that J is a continuous, linear functional on 4. Then there
is a sequence {b,} of complex numbers so that equation (19) holds and J
operates accordingly to equation (20). We also assume that J is not constant
on S*(a). This is equivalent to the assertion that b, # 0 for some n > 2. This
can be seen by considering the functions f(z) = z + a,z" (a, # 0) which
belong to S*(a) for |a,| sufficiently small.

The set of extreme points of the closed convex hull of S*(a), denoted
& JS*(a), consists of the functions f described by equation (56) [4, p. 417].
The nth coefficient of the power series for this function f is given by
a, = c,x""!, where

2-2a)3-2a)...(n—2a)
%= (n— 1)

Therefore, equation (20) implies that

(n=23,...).

(57 J(f)=b+ § bc,x" .

n=2

It is easy to show that c!/” — 1, and thus equation (19) implies that
lim sup |b,c,|"/" = lim sup|b,|'/"< 1.

Consequently, equation (57) defines a function, denoted by A, that is analytic
for |x| < 1. Moreover, 4 is not constant.

The argument given in [3, p. 100] shows that if F is the set of all functions
foin ICS*(a) such that

(58) Re J(fo) = max{Re J(f): f € HS*(a)},

then there is a positive integer m so that F is the same as the set of functions
Jo given by

(59) fo= kEl thi
where

(60) fu(2) = m;;;
and

n
(61) 04 <1L, |x|=1 Xt=L1
k=1
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In particular, this shows that the only functions f, in S*(a) that maximize
Re J (f) over S*(a) have the form prescribed by equations (59)(61). If 4, # 0
for some k, then by letting z tend to x; radially we see that the function f, of
equation (59) does not satisfy inequality (44) of Lemma 8 (with M > 0 and
& > 0). Therefore, the only functions given by equations (59)—(61) which also
belong to S*(a) are the functions f, (k = 1,2,..., m). These are the only
functions in S*(a) that satisfy Re J(f) = max{Re J(f): f € S*(a)}.

THEOREM 6. Each support point of K (a) has the form

1 1 _ . \
(62) fo(z) = (l - 2a)x [ (l _ xz)l_za l], lfa ’péz .

—x"Mog(l — xz), ifa=3%,
where |x| = 1.

PrROOF. Let the functional J be continuous and linear on 4 and not
constant on K(a), and let J be given by the sequence {b,} described by
equations (19) and (20). Define the sequence {b,} by by = b, and b, = b,/n
forn=1,2,... and thus lim sup|b;|'/" = lim sup|b,|'/” < 1. Therefore, the
functional J’, defined by J'(f) = Z¥.oba, when f €A and f(z) =

% _04,2" is continuous and linear on A4 [27]. Also, J’ is nonconstant on
S*(a).

The mapping from K(a) to S*(a) defined by g(2) = zf'(z) is a linear
homeomorphism, and for this mapping J’(g) = J (f). Theorem 5 is applica-
ble to the functional J’ and the conclusions are equivalent to the resuults of
this theorem.

Using the facts we have established about S*(«) it is quite easy to prove the
following converses of Theorems 5 and 6. The arguments are similar to those
presented in [3, pp. 101-103] for the case a = 0.

THEOREM 7. Let m functions f, be given by f(z) = z /(1 — x,2)X!=® where
a < 1 and the complex numbers x; satisfy |x,| = 1(k = 1,2, ..., m). There is
a continuous, linear functional J on A so that the set of functions fy in S*(a) that

satisfy Re J (f)) = max{Re J (f): f € S*(a))} is the set { fy, for - « + s fin}-
THEOREM 8. Let m functions { f,} be given by

1 1 _ . ,
L) = (I = 2a)x, [ a- x,‘z)"z“ IJ’ ifa+#;3,

— (%) log(1 = x2), ifa=73,

where a < 1 and the complex numbers x; satisfy |x,| =1 (k=1,2,...,m).
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There is a continuous, linear functional J on A such that the set of functions f, in
K(a) that satisfy Re J(fy) = max{Re J(f): f € K(a)} is the set
{fpfz’ LA ’fm}'
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